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Mathematics Extension 2

General Instructions Total marks — 100

* Reading time — 5 minutes Pages 2 -5

» Working time — 3 hours 10 marks

» Write using black or blue pen ¢ Attempt Questions 1-10

(Black pen is preferred)  Allow about 15 minutes for this
section

» Board-approved calculators
may be used

* A table of standard integrals is Pages 6 — 14

provided at the back of this 90 marks

paper
 Attempt Questions 11-16
* Allow about 2 hour and 45

* In Questions 11-16, show minutes for this section

relevant mathematical
reasoning and/or calculations
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Question 1 - 10 (1 mark each) Answer on page provided.

1 The argument of z = —3i is:
3z T 3z
A — B — C -— D -
) 2 ) 2 ) 2 ) 2
2 Consider a polynomial P (X) that has real coefficients. Which of the following

could not be a pair of possible solutions to P(X) =07?

3 Given that 2’ = 1 and ® is a complex solution, the value of

@ + o+ @ is:

A 0 B) 1

0] w D) -

2
4 The coordinates of the foci of the hyperbola XT — y? =1are given by:

A) (o,i\/§) B) (i 5,0)
Q) (o,izﬁ) D) (J_rzﬁ, o)
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5 Which of the following is the equation of the circle shown below?
A (z+2)(7+2)=4 B) (z-2)(z7-2)=4
C)  (z+2i)(z-2i)=4 D) (z-2i)(z+2i)=4

6 The roots of the polynomial 4% +4x—5=0 are a, f and y .

What is the value of (S + y —3a)(a+ S —3y)(y +a —3p)?

A) 16 B) 80
0) -16 D) —-80
7 The equation x* + 2y? — 2xy + x = 8 defines y implicitly as a function of X.

What is the value of 3_y at the point (3,2)?
X

1 1
N B -
) g ) 4
3 3

C > D) =
)3 ) 2
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All of the integrals below are of the form J._ll f(x) dx.

Without evaluating, which of the integrals can be rewritten as ZI; f (X) dx?

1 2 .

1 X" sinX
A e* tan™'(x*)dx B dx

) L () ) J X5
0) .[_11 x>+ e* dx D) .[_11 x* sin”' x dx

tan" ! x
Using the recurrence relation U,, = I tan"x dx = - U,
n_

what is the value of Itan6x dx ?

tan5 X tan4 X tan3 X tan2 X

A) - + — + tanX + C
5 4 3 2

5
tan~ X tan” X
B) I + tanX + C

tansx tan3x
@) -3 + tanX — X+ C

5 3
tan~ X tan~ X
D) 5 — 3 — tanX — X+ C
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The region bounded by the x-axis, the curve y = «/xz —1 and the line x =2
is rotated around the y-axis.

The slice at P (X, y) on the curve is perpendicular to the axis of rotation.

What is the volume 6V of the annular slice formed?

2
A) 7[(3 - y2)5y B) 7[(4 - (y2 + 1) )5y
0 x(4-x")ox D) z(2-x)ox

END OF MULTIPLE CHOICE QUESTIONS
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Section 11

60 marks
Attempt all questions 11-14
Allow about 1 hour and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11-14, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (15 marks) Start a NEW booklet.

b)

d)

Let z=1+1i and u=2—i. Find:

() Im(uz).
i) |u-z|.
(i) -id.

1
Evaluate .[0 x> 1 - x dx.

& B

Itis giventhat Z = — + —1.
2 2

(1) Show that Z can be expressed in the form 2 CiS% .

(i1) Hence, express Z% in X +1y form.

(1) Prove that if the polynomial P (X) has a root & of multiplicity m

then P'(X) has aroot @ of multiplicity m —1.

(i)  Hence, given that the polynomial P(X) =x* +x* —=3x* =5x -2 has

a root of multiplicity 3, find all the roots of P(x).

Marks
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Question 12 (15 marks) Start a NEW booklet. Marks

a) Consider the function y= f (X) drawn below.

N
d Y=

1
-2 0 2 g
-1

On separate sketches, showing any important features, neatly draw the graphs of

(i) y=1-"f(x) 1
i)  y=yf(x) 1
(i) y= f(l] 2
X
(iv) y=e'® 2
12 1
b)  Evaluate J - X 3
g X~ —16x+ 80

Question 12 continues on page 8
Page | 7
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Question 12 (continued)

The equation x> + 2X — 1 = 0 has roots «, f and y . Find

(1) the value of a? + B2 + 2.

(i1))  the value of a’+ ﬂ3 + 7/3.

(ii1)  the equation with roots —a, — 3, —y .

End of Question 12

Marks
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Question 13 (15 marks) Start a NEW booklet. Marks

a) Consider the locus of the point P(X, y) whose co-ordinates satisfy

the parametric equations X=cost, y=1-cos2t.

(1) State the domain and range of the locus of P. 2

(i)  Determine the Cartesian equation of the locus of P. 2

(ii1))  Neatly sketch the curve traced by the point P(X, y) . 1

b)  Find JLXZ dx. 4
sinX + sin” X

oy
C) An ellipse has the equation — + — =1
16 9
(i) Prove that the tangent to the ellipse at P(4cos#, 3sin6) has 3

Xcos@  ysiné
+ 3 =

equation l.

(ii)  The ellipse meets the y-axis at B and B’. The tangents at B and B’ 3

meet the tangent at P at the points Q and Q’.

Find BQ xB'Q".
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Question 14 (15 marks) Start a NEW booklet.

b)

6
[ x|

Consider the functions f (X)=|x|+1 and g(x) =
(i) Solve the equation f (x) = g(X).

(i1) Sketch the graphs of y = f (X) and y=¢ (X) on the same axes.

(ii1))  Hence or otherwise solve the inequality g (X) > f (X) .

1) Prove that a® + b? > 2ab.

ii) Hence or otherwise prove that (p +2)(q +2)(p + ) >16pq

where p and ( are positive real numbers.

The base of a solid is the region between the lines y =3xand y = —x from
X=0to Xx=2.

Each cross section by planes perpendicular to the X-axis is a square.

Calculate the volume of the solid.

Question 14 continues on page 11

Marks
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Question 14 (continued) Marks

d) In the diagram below the two circles touch internally at A. O is the centre
of the larger circle. B is a point on the larger circle and chord AB cuts

the smaller circle at S.

NOT TO SCALE

Answer this question on the page provided

Prove that chord AB is bisected at S. 4

[ Ensure that any constructions are clearly shown and labelled ]

End of Question 14
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Question 15 (15 marks) Start a NEW booklet. Marks

b)

Let z be a complex number such that | Z| =r and argz=46 for 0<O< % .

Prove that arg(l’2 —Zz): 6’—%. 3
2 2
(i)  Show that di[x?lnx - X?J = xInx 1
X
1
(i)  Using 3 of a page neatly sketch the region in the number plane that 1

contains all points satisfying simultaneously the inequalities

x<Ly>ly<e".

(ii1)  This region is rotated through one complete revolution about the X-axis.

Use the method of cylindrical shells to find the volume of the 4

resulting solid.

X? X"
If n is a positive integer and f(X) = ex(l FXA T F e + —'], x>0
! n!
(i) Show that f(x) is a decreasing function. 3
(11) Deduce that for x>0 and n any positive integer, 3
. 2 Xn
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Question 16 (15 marks) Start a NEW booklet. Marks
er
a) Find J — dx. 3
e" -1
b)

The point PLCp, %] lies on the hyperbola Xy =c”. The point T lies at the foot

of the perpendicular drawn from the origin O to the tangent at P.

(1) Show that the tangent at P has equation X+ p’y =2cp. 2
(i1) If the coordinates of T are (X1 , yl) show that y, = p2X1 . 1
(ii1))  Show that the locus of T is given by (X2 +y° )2 = 4¢’xy . 2

Question 16 continues on page 14
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Question 16 (continued)

1
Consider the integral | = I X2 dx

(@)

(i)

(iii)

(iv)

0

. . 1
Use integration by parts to show that |, = —— +nl,__,, forn>1.

2e

Show that 1, =

D | —

1
—— and Il=l
2e 2

1
2

Prove by mathematical induction that for all n>1:

Itis given that 0< | <1 because 0 <x"*'e™ <1, for 0 <x<1.

[Do not prove this]

1 1
Use this fact to help to evaluate —+—+—+.........
12t 3

giving your answer 1in exact form.

END OF EXAM

Marks
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Question 14d (additional diagram) Candidate Name/Number:

NOT TO SCALE

.

Hand in this page inside the Question 14 booklet

Page | 16



CHS YEAR 12 EXTENSION 2 2015

TRIAL HSC SOLUTIONS

Multiple Choice Section:

1.C 2.C 3.A 4.B 5.B
6.D 7.D 8.D 9.C 10.A
Question 1.

Ve
-— e C

:
Question 2.

Solutions need to be complex conjugates as
coefficients are real
X, =—2+1; X, =2 — i are not

Question 3.

@ -1=0 — (a)—l)(1+  + a)2>:0
and since @ # 1 ( must be non-real ), then

@+ o+ D =1+0+

Question 4.
a=2:b=1; b*=a? (62 - 1); Foci (iae, O)

el =

e

5
_) —_—
2

El

4
.. Foci (i\E, O)

Question 5.

Equation in Cartesian form is (X - 2)2 + y2 =4

(z-2)(7-2)=4 > Z-2(z+7)+4=4
Xyt -2(2x) +4=4

xXE—Ax+4+yi=4

g (x—2)2+y2=4

Question 6.

(B+y=3a)(a+p-37)(y+a-3p)

NOW0{+ﬂ+]/:—9:O andaﬂy:g
a a

(—4a)(=48)(-47)

—64afy

=-64 x—=-80
4

Question 7.

X2 +2y% —2xy + x =8

SO2X+ 4yﬂ -2
dx

2(2y—x)% =2y —2x -1

ﬂ :M and at P(3,2)
dx  2(2y - x)
3

dy 4-6-1_ 3
2

dx  2(4-3)

Question 8.

Let f (X) = X’sin”' X

(—X)3 sin”' (—x)

=—x*x —sin'x
= X’sin”' x = f(X)

(%)

hence f (X) is an even function

hence

5_ ¢y 0

=(a+p+y—4a)a+p+y—4p)a+B+y—4y)

>
4

(Xxﬂ +y><1J+1:O
dx




Question 9.

tan~ X
tan3x
U2 _ tan X _ Uo

U0=I1dx=x+c

5 3
tan~ X tan~ X
s Ug = s - 3 ttanxoxsc ———|c]

Question 10.

&

.. Area of slice = 5(22 - X2)

o2 +1)

.. Volumeof slice = 72'(3 — yz)éy

where R=2
and r=x

Question 11

a)i) Im[ (1+i)(2—i)]=Im(3+1i)=1
i) Ju—z=[1-2i=+5
i) —iT=—ix(2+i)=1-2i

b) Letu=1-x — x=1-u and du=—dx
When Xx=0,u=1; x=1u=0.

- _LO (1 —u)2 Ju du

P13 s

=f —2u2+u?du
0

1
=|:2U% _ﬂu% +zu% i|
3 5 7 0
2 4 2 16
= - — 4 — = —
3 5 7 105

¢) i) |Z]|=r= g+3=\/5

A
5,

o 1 T
0=t —=|=2
(ﬁj 6

iy z%= (JE cis(%j]g

= 24cis(%’rj DMT

argZ =0 = tan™"

=16 cos4—7[+isin4—ﬂj
3
1 3
= 16 —5—7 \J :—8(1+\/?_)|)

= (x=a)" " (mQ(x) + (x~a)Q'(x))
hence P’(x) has aroot & of multiplicity m —1.

Y 32 —5x-2
3+3x —6Xx—35
P’(x) 12> + 6X — 6

=0 5> 2x* +x-1=0

L(2x=1)(x+1)=0 —> x:% or x=-1

when X = —1, P’(—1)=—4+3+6—5=0
when X =-1, P(—l):l— 1-3+5-2=0

hence X = —1 is aroot of multiplicity 3

L P(x) = (x+ 1)3 (X—2) by inspection
hence P(X) hasroots x=—1,-1,—-1, 2.




Question 12.

a)i)

iii)

r12
1

® Izdg (x2—16x+64)+16dx

rl12
1

= | T &
Jg (x=8) +4

1 1(x—8] ?
=—| tan
4 4 g
T

=i<tan_ll — tan! 0) = E

c) i)

= (0 -2(2)=-
i) X +2x—1=0 — x> =1-2x

@ =1-2a

p=1-2p
yi=1-2y
. a3+ﬁ3+73=3—2(a+ﬁ+7)

:3—2(0)23

iii) Let X=—a — a=-X

". the required equation is given by
w(=x) +2(=x)-1=0
=X =2x=1=0
X+ 2x+1=0

at+ Br+y —(a+,8+y) 2(aﬁ+,6’;/+ya)

Question 13.
a) i) D: —-1<x<1; R: 0<y<2

i) y=1-(2cos’t-1)

=2- 2(cost)2

Ly =2-2X
iii)




13b) | = J& dx

sinX + sin’ X

Letu=sinX — du = cosxdx

1 1
L= du = d
Ju+u2 u Ju(1+u) u

1 1 : : .
Now = — — —— using partial fractions
u(l+u) u u+l
1 1
- J LR
u u+l

=Ilnu-— ln(l + u)
_ mLLJ
1+u
sin X

o :ln£ - j+c
1 +sin X

2 2
o) 4+ X 1 S a=-4b=3
16 9
X 2y dy oo dy_ X

% —_—
16 9 dx dx 16y

ﬂ - 36cos B 3cosd
dx 48sin@ 4sin@

. at P(4cosd, 3sin0),

3cosd

seqof TatP: y—3sind =—
a y 4sin@

(x—4cos0)
4ysin@ — 12sin* @ = —3x cos@ + 12cos’ O

3Xxcosf + 4ysinf = 12(sin20 + cos’ 49)

Xcos 0 N ysing
4 3

1 [sin2 0 + cos’ 0 = 1]

13¢)ii)
YA

0

P

N
&/a X

BI 0/\
4(1-sin6)
AtQ: y=3 > Xx=——=
cost
4(1+sin6)
AtQ: y=-3 > X=——"-+2
cosé
BO xBO' = 4(1 - sin0) y 4(1+ sin0)
costd cosd
16(1 —sin* @
_to(iosint) g

cos’ @

Question 14.
a) 1) |x|+1=i

| ]
|x|*+|x]-6=0

(1] +3)(1x] ~2)=0

s x| ==3

or |X|:2 —> X==2

—> 1o solution

ii)

i) —2<Xx<0 and 0<x<2




bi) (a-b) >0

ca‘=2ab +b*>0
. a’+ b*>2ab

ii) using (i) let a= \/6 andb= \/a

PN S N
P22 Py e

similarly let a= \/E andb=+2

hence 1| x |2 x [3] gives:

(p+2)(a+2)(p+a)22Jpya x 2JpV2 x 2aV2
2 (p+2)(a+2)(p+a)z16(p) (Va)

(p+2)(a+2)(p+0q)=16pq

The area of a typical cross section is SA=(y, + Y, )2
L SA=(3x + x)" =16X*

. OV =16X> 6%

2
V= 16_[ x* dx
0

1128
16| 2] = =22
3], 3

Construct tangent TA at A. Construct diameter AOC.

Join OS and BC.

Let ZTAS =a.

o ZSOA=a [L in alternate segment (A AOS )]
S LBCA=« [L in alternate segment (A BCA)]

.. ZSOA = ZBCA and since they are equal
corresponding angles then BC is parallel to OS.

Also OA = OC ( equal radii )
and since a family of parallel lines divides
transversals in the same ratio, then BS = SA.

Hence chord AB is bisected at S.
[Note: Conguent trianges can also be used. |

Question 15.

a)

arg(r2 — 22) = arg(r —z)+arg(r +z)

Now arg(r+2) = g(by isoscelesA)
also arg(r—z) = g —~ %(by isoscelesA)

NN N

arg(r2—22)= +§=9—%

NN

\ 4




d( x? NG x> 12X 2X
— | —Inx—-—|=—x -+ xInx—=—
dx 4 X
X X
=—+XxInX—— = XInX
2 2
i)

Taking the middle of the shell at a distance ‘ y ‘ units
from the Xx-axis gives the following two radii:

R=y+% and r=y—ﬂ

. Volume 6V of typical cylinder = z(R+r)(R—r)h

Sy Sy 5yJ
— | y+—-y+—1h
2 J[y 2 Y 2

=2zyhdy where h=1-x
Now y=¢€* — x=Iny [whenx=1y=¢]

- 2;;]‘

V= 27z_[1ey dy — ZﬁIIeylny dy

278 2 278
ﬂﬁiﬂ_z{melﬁ
2 2 4
1 1
2 2 2
=27r[e——l]—27{[e—1ne—e—J — [llnl —lﬂ
2 2 2 4 2 4

oy
= +—2+y—
z(y 5 y

l—lny

2 Xn
c) i) f(x)=e‘x(1+x+—+ ................ —J
n!
2 n-1
wm=w@ LN SO “XJ
2! 3! n!
X2 X"
—e I Xt —F e, +—
2 n!

_ _eX[X—'J <0 forall x> 0.
n!

n

. _ X
since € * >0 and —'>0.
n!
hence the curve is decreasing for all x> 0

as f'(x)<0.

i) When x=0 f(0) =

and since the curve is always decreasing f(x) <1.

2 n
X X
e 1+ X+ —F . +— <1
21 n!
NG X" 1
1+ X+ —F e, +— <
2! nt e*
2 Xn
hence € > 1+ X+—+.oeeeeeeeennn. +—'
n!

Question 16.

Je e i
*—1
Let u=e*—1 — du=e*dx

: |_J”+1 :J1+ldu
u

=UuU+ Inu
=e -1+ ln(ex—l) +C,

=e*+In(e* -1) +C,




Question 16 continued:

b)i) xy=¢> —» y=c’x"
2

c 1
y=—7> — m=—F when X=cp

X

Equation of tangent at P :

C 1
y——=——(x-cp

S xon)
Py —cp = —x+cp

X+ py=2cp

i1) since OT is perpendicular tangent at P it has
p> as its gradient.

. equation of OT is y= p’X , and since T(Xl, yl)
lies on OT then y, = p°X,.

iii) Since T satisfies the equation of the tangent:
X, + p’y, =2cp
Y|

and from (i) p°> = =+
Xl

X +%-y1 =2c K

1 X]

v,

xP+ Yyt =2ex .

1
X+ Y = 204X Y,
g (xl2 + ylz)2 = 4C° XY,

hence the locus of T is given by

(x + y2)2 = 4c? xy.

. 1 2 1 2
o)) I = | x"eXdx=| x* . xe™* dx
n 0 0

u=x>", V' =xe
1 e
u'=2nx>"", v=—5eX

1
= oo g mmm e
ii) 1, = | xe
1
:[——e_xz} _ _l(e—l _ eo)
2, 2
__ropy_1i.o 1
2\e 2 2e
1
also I, = ——+1
1 2e 0

i) When n=1: LHS:1+%:2

RHS —e_ 2&h

:e—2e(l—lj
2 e

=e—e+2=2=LHS

hence true for n=1

Assume true for n=k:

Prove true for n=k +1:

) 2e|k+1
re. S, +T,.,,=S,,, | whereS, =¢e- (k +1)!
LHs = e— 22l |

k! (k+1)!

2e(k +1)1, 1

—e_ +
(k+1)! (k+1)!
(k+1)!

|




l—Ze(1 + Ik“j
2e

-7 (k+1).

1-1-2el,,,

-er (k+1)!

2eIk-¢—1 _
(k+1)!_ ket

Hence by induction is true for all n>1.
1 .
NOTE: |, ,= 58 + (k+1)I, using

1

iv) 0<1, <1, henceas n — oo, I—”' — 0
n!
1
—+—+ =+ +—=e—-2ex0=e
o2t 3 n!
1 1 1
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